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a  b  s  t  r  a  c  t

Due  to  the  ever-growing  nature  of dataset  sizes,  the  need  for scalable  and  accurate  machine  learning
algorithms  has  become  evident.  Stochastic  gradient  descent  methods  are popular  tools  used  to optimize
large-scale  learning  problems  because  of their  generalization  performance,  simplicity,  and  scalability.
This  paper  proposes  a novel  stochastic,  also  known  as  online,  learning  algorithm  for  solving  the  L1  support
vector  machine  (SVM)  problem,  named  OnLine  Learning  Algorithm  using  Worst-Violators  (OLLAWV).  Unlike
other  stochastic  methods,  OLLAWV  eliminates  the  need  for specifying  the  maximum  number  of  iterations
and  the  use  of  a  regularization  term.  OLLAWV  uses  early  stopping  for controlling  the size of  the margin
instead  of  the  regularization  term.  The  experimental  study,  performed  under  very  strict  nested  cross-
upport vector machines
orst-violators

tochastic gradient descent

validation  (a.k.a.,  double  resampling),  evaluates  and  compares  the performance  of  this  proposal  with
state-of-the-art  SVM  kernel  methods  that  have  been  shown  to  outperform  traditional  and  widely  used
approaches  for  solving  L1-SVMs  such  as Sequential  Minimal  Optimization.  OLLAWV  is also  compared  to 5
other  traditional  non-SVM  algorithms.  The  results  over  23  datasets  show  OLLAWV’s  superior  performance
in terms  of  accuracy,  scalability,  and model  sparseness,  making  it suitable  for large-scale  learning.

©  2018  Elsevier  B.V.  All  rights  reserved.
. Introduction

Over the past decade, dataset sizes have grown disproportion-
tely to the speed of processors and memory capacity, limiting
tatistical learning methods to computational time. The exponen-
ial growth of data, in size and complexity, has produced a pressing
eed to develop scalable machine learning algorithms to learn from
ata. Many real-world applications, such as human activity recog-
ition, operations research, and video and signal processing [1,2],
equire algorithms that are scalable and accurate, while being able
o process data and provide insightful information in a timely fash-
on. The scope of this paper is concerned with developing a unique
earning algorithm for such large data problems without the use of
arallelization techniques and distributed systems.

Support vector machines, proposed by Cortes and Vapnik [3],
epresent popular linear and non-linear (kernelized) learning algo-
ithms based on the idea of a large-margin classifier. They have

een shown to improve generalization performance for binary clas-
ification problems. SVMs are similar to other machine learning
echniques, but literature shows that they usually outperform them

∗ Corresponding author.
E-mail address: acano@vcu.edu (A. Cano).

ttps://doi.org/10.1016/j.asoc.2018.02.040
568-4946/© 2018 Elsevier B.V. All rights reserved.
in terms of scalability, computational efficiency, and robustness
against outliers [4,5]. They are known for creating sparse and non-
linear classifiers which makes them suitable for handling large
datasets. A traditional approach for training SVMs is the Sequential
Minimal Optimization (SMO) algorithm [6], a method for solving the
L1-SVM’s Quadratic Programming (QP) task. Although SMO  pro-
vides an exact solution to the SVM QP problem, its performance
is highly dependent on the SVM hyperparameters. More recent
approaches, which have been shown to surpass SMO in terms of
scalability while remaining competitive in accuracy, include the
Minimal Norm SVM (MNSVM) [7] and the Non-Negative Iterative
Single Data Algorithm (NNISDA) [8,9].

To deal with issues of scalability, this paper introduces a differ-
ent approach which focuses on the minimization of the regularized
L1-SVM through Stochastic Gradient Descent (SGD), a well-known
simple, yet efficient technique for learning classifiers under con-
vex loss functions. Recently, SGD algorithms have been shown to
have considerable performance and generalization capabilities in
the context of large-scale learning [10], and have been used to
solve the SVM problem, such as NORMA [11] and PEGASOS [12,13].
Although stochastic and iterative algorithms are very simple to

implement and efficient, they also have their limitations. One  of
these limitations is the lack of meaningful stopping criteria for the
algorithm; without a pre-specified number of iterations to train, the

https://doi.org/10.1016/j.asoc.2018.02.040
http://www.sciencedirect.com/science/journal/15684946
www.elsevier.com/locate/asoc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.asoc.2018.02.040&domain=pdf
mailto:acano@vcu.edu
https://doi.org/10.1016/j.asoc.2018.02.040


t Computing 66 (2018) 384–393 385

a
t
i
b
i

s
W
p
m
t
a
t
t
p
u
i
O
t
s
p
t
t
t
p
o
a
a
m

-

-

n
m
t
s
S
b
2
F

2

o
r
i

2

L
s

Table 1
Summary of notation used throughout the paper.

Definition Notation

Number of samples n
Number of input attributes d
Input space X ∈ R

n×d

Labels Y ∈ { − 1, 1}n

Sample i xi = (xi1, . . ., xid), ∀i ∈
{

1, . . .,  n
}

{ } { }
G. Melki et al. / Applied Sof

lgorithms continue running [14]. Another limitation stems from
he superlinear increase in training time as the number of samples
ncreases. Incremental algorithms attempt to alleviate this issue,
ut they cannot guarantee a bound on the number of updates per

teration [15,16].
To address the limitations presented by current popular SVM

olvers, this paper proposes a novel OnLine Learning Algorithm using
orst-Violators (OLLAWV). This unique method iterates over sam-

les, updates the model, and utilizes a novel stopping criterion. The
odel is updated by iteratively selecting (without replacement)

he worst violating sample, i.e. the sample with the largest error
ccording to the current decision function, and stops training when
here are no more violating samples left to update. In other words,
he algorithm is implicitly identifying support vectors and stop-
ing when it has found them all. Because samples are selected and
pdated without replacement, coupled with the fact that the max-

mum number of iterations never exceeds the size of the dataset,
LLAWV does not use the regularization updating term. Instead,

he regularization is achieved by early stopping. In [17], it has been
hown that the smaller the number of updates (determined by here
resented stopping criterion) is, the larger will be the margin. On
he other hand, the larger the margin, the better generalization of
he model is. The experimental results presented here confirm both
he theoretical statements in [17] and the validity of the approach
roposed and taken in OLLAWV algorithm. Combining this method
f updating the model and stopping criteria with the fact that SVMs
re known for creating sparse kernel classifiers, the contribution
ims to speed up the model training time without sacrificing the
odel’s accuracy. The key contributions of this work include:

 Devising a unique iterative procedure for solving the L1-SVM
problem, as well as a novel method for identifying support vec-
tors, or worst-violators.  Rather than randomly iterating over the
data samples, OLLAWV aims to reduce training time by select-
ing and updating the samples that are most incorrectly classified
with respect to the current decision hyper-plane.

 Designing a novel stopping criteria by utilizing the worst-violator
identification method. This aims to eliminate the added parame-
terization that is included with most online methods, where the
number of iterations of the algorithm needs to be set in advance.
Once there are no incorrectly classified samples left, the algorithm
terminates.

This work is organized as follows. Section 2 presents the
otation used throughout the paper, reviews the support vector
achine problem, and describes some popular SVM solvers. Sec-

ion 3 presents the contribution: the algorithm design, method for
electing and updating worst-violators, and the stopping criteria.
ection 4 presents the experimental environment, including results
ased on accuracy, runtime, and percentage of support vectors, over
3 datasets compared with current state-of-the-art algorithms.
inally, Section 5 presents the conclusions of this contribution.

. Background

This section defines the notation that will be used through-
ut the paper, describes the support vector machine problem, and
eviews related works on current popular solvers and online learn-
ng algorithms aimed at training support vector machines.

.1. Notation
Let D  be the full training dataset of n d-dimensional samples.
et Y ∈ D  be a vector of n labels corresponding to each sample,
uch that Y ∈

{
−1, 1

}n
. In the non-binary (more than two classes)
Sample label i yi ∈ −1, 1 , ∀i ∈ 1, . . .,  n

Full training dataset D  = {(x1, y1), . . ., {xi, yi} , . . ., (xn, yn)}

classification cases, Y ∈ Z
n. Let X ∈ D  be a matrix consisting of

n samples that are d-dimensional, X ∈ R
n×d. Table 1 provides a

summary of the notation used in this paper.

2.2. Support vector machines

Support vector machines represent a popular set of learning
techniques that have been introduced under Vapnik–Chervonenkis
theory and structured risk minimization (SRM) [3,18–21]. They min-
imize the expected probability of classification error, resulting in
a generalized model without making assumptions about the data
distribution [19]. In the context of classification, SVMs are partic-
ularly useful for finding linear predictors, or hyper-planes, in high
dimensional feature spaces, which is a computationally complex
learning problem [3]. This problem is approached by searching for
the optimal maximal margin of separability between classes, and is
equivalent to solving the following optimization problem:

min(w,b) ∈ Ho×RR = 1
2

||w||2 + C

n∑
i=1

L(yi, o(w,b)(xi)), (1)

where Ho is a general Hilbert space, o(w, b) is the output (deci-
sion) function representing an affine mapping function o : R

d → R

that approximately minimizes the risk and is parameterized by w
and b. The weights w ∈ R

d and bias term b ∈ R  define the linear
predictor. The loss function used for the L1-SVM is the Hinge loss
function: L(yi, o(w,b)(xi)) = max

{
0, 1 − yio(w,b)(xi)

}
, which penal-

izes errors satisfying the following: yio(w,b)(xi) < 1 and is a crucial
element that facilitates the SVM model’s sparseness. The penalty
parameter C ∈ R  controls the trade-off between margin maximiza-
tion and classification error minimization, penalizing large norms
and errors. To handle cases when the data are non-linearly sepa-
rable, while enhancing the classifier’s generalization capabilities, a
kernel function can be used [22], as shown in Eq. (2):

K
(
xi, xj

)
= 〈� (xi) , �

(
xj

)
〉, (2)

where �(·) represents a mapping function from the original
feature space to a higher dimensional space. The advantage of uti-
lizing kernels is being able to calculate the inner product in the
input space rather than in the very high feature dimensional space
(including the infinite dimensional ones). The SVM model output, o
shown in Eq. (3), for a given input vector x is defined by the kernel
as given below:

o(x) =
n∑
i=1

˛iK(x, xi) + b, (3)

where ˛i ∈ R  are the coefficients, or weights, of the expansion
in feature space, and b ∈ R  is the so-called bias term. Note that if
a positive definite kernel is used, there is no need for a bias term b,

but b can nevertheless be used. This is why  OLLAWV can be imple-
mented with or without the bias term b, as shown in Section 3.
The two  terms,  ̨ and b, parameterize the SVM model. A model is
called dense if the absolute value of all it’s weights are greater than
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, while a sparse model would be one that contains some ˛i = 0. The
evel of sparseness may  vary, but the sparser the model, the more
calable the applications.

.3. Methods for solving the SVM problem

Although support vector machines represent a major develop-
ent in machine learning algorithms, in the case of large-scale

roblems (hundreds of thousands to several millions of samples),
he design of SVM training algorithms still has room for improve-

ent [23,24]. So far, there have been several different approaches
or tackling large-scale SVM classification problems.

The first attempts at speeding up the training time and decreas-
ng algorithm memory requirements were aimed at decomposing
he underlying SVMs quadratic programming (QP) problem. First,
oser et al. [20] implemented Vapnik’s chunking method. Sequential
inimal Optimization by Platt [6] and its improvement by Keerthi

t al. [25] are an alternative approach to decomposing the QP
roblem, and are implemented in popular, widely used software
ackage LIBSVM [26]. SMO  is an iterative procedure that divides
he SVM dual problem into a series of sub-problems, which are
olved analytically by finding the optimal  ̨ values that satisfy the
arush–Kuhn–Tucker conditions [27]. Although SMO  is guaran-

eed to converge, heuristics are used to choose  ̨ values in order
o accelerate the convergence rate. This is a critical step because
he convergence speed of the SMO  algorithm is highly dependent
n the dataset size and SVM hyperparameters [21].

Some advancements in handling large scale problems are based
n a geometric interpretation of SVM problem. Some of these geo-
etric SVMs include approaches that use convex hulls [28] and
inimum enclosing balls such as Core Vector Machines (CVM) [29].

sang et al. [30] then improved the scalability of CVMs by introduc-
ng Ball Vector Machines (BVM) which do not require a QP solver.
ther geometric approaches include the novel algorithms intro-
uced by Strack [7], known as the Sphere Support Vector Machine
SphereSVM) and Minimal Norm Support Vector Machine (MNSVM),
hich utilize the connection between minimal enclosing balls and

onvex hull problems, while demonstrating a high capability for
earning from large datasets. The Non-Negative Iterative Single Data
lgorithm [9] is an efficient approach for solving the SVM problem,
hown to be faster than SMO  and equal in terms of accuracy [8].
NISDA is an iterative algorithm that finds a solution to the L2-
VM using coordinate descent, inspired by ISDA [31] which was
riginally introduced by Kecman et al. [32].

Recently, several authors have proposed the use of a stan-
ard stochastic gradient descent (SGD) approach for SVMs to
ptimize large-scale learning problems [12,19,21,33,34]. Kivinen
t al. [11] and Bousquet and Bottou [35] showed that stochastic
lgorithms can be both the fastest, and have the best generaliza-
ion performances. Shalev-Shwartz and Ben-David [19] have also
emonstrated that the basic SGD algorithm is very effective when
ata are sparse, taking less than linear [O(d)] time and space per

teration to optimize a system with d parameters. It can greatly
urpass the performance of more sophisticated batch methods on
arge data sets. The previously mentioned approaches are extended
ariants of a classic kernel perceptron algorithm [17].

Notable representatives of this method of learning include the
aïve Online R Minimization Algorithm (NORMA) by Kivinen et al.

11] and the Primal Estimated Sub-Gradient SOlver for SVM (PEGA-
OS) by Shalev-Shwartz et al. [12]. NORMA is an online kernel based
lgorithm designed to utilize SGD for solving the SVM problem,
xploiting the kernel trick in an online setting. It can be regarded

s a generalization of the kernel perceptron algorithm with reg-
larization [11]. PEGASOS solves the primal SVM problem using
tochastic sub-gradient descent, implementing both linear and
on-linear kernels, and showed that the algorithm does not directly
puting 66 (2018) 384–393

depend on the size of the data, making it suitable for large-scale
learning problems.

A more recent approach that is the inspiration behind this
contribution, named OnLine Learning Algorithm (OLLA) [36] is a
unification, simplification, and expansion of the somewhat simi-
lar approaches presented in [12,19,21,33,34,37,38]. This algorithm
is unique because it is not only designed to optimize the SVM cost
function, but also the cost functions of several other popular non-
linear (kernel) classifiers using SGD in the primal domain. Collobert
and Bengio [17] provided justification for not using regularization,
and thus OLLA was  designed to handle cost functions with and with-
out the regularization term. Comparisons of performances of OLLA
with the popular SMO  algorithm highlighted the merits of OLLA in
terms of speed, as well as accuracy, when the number of samples
was increased, making it suitable for large-scale learning. Com-
parisons using various different classifiers against SMO  were also
shown, but for the scope of this paper the L1-SVM was  mentioned
[36].

Although the SGD approaches mentioned above have many
merits when it comes to solving large-scale machine learning prob-
lems, stochastic procedures also have their disadvantages. One of
them stems from the lack of meaningful stopping criteria. The only
specified stopping criteria is a user defined input for the number
of iterations, which gives rise to the question of what it should
be set to. Another disadvantage of kernelized online algorithms is
that the training time for each update increases superlinearly with
the number of samples. This paper aims to deal with these limi-
tations without sacrificing accuracy for scalability with respect to
large-scale problems, while maintaining applicability to small and
medium sized datasets.

3. OnLine Learning Algorithm using Worst-Violator

OLLAWV is an iterative, online learning algorithm for solving
the L1-SVM problem using a novel model update procedure while
implementing a self-stopping condition. The inspiration behind
OLLAWV came from [36] which presented a generic online learn-
ing algorithm tailored not only for SVMs, but also for various other
popular classifiers that use different risk functions, with or with-
out a regularization term. The difference, novelty, and advantage
of OLLAWV resides in its iterative method, where the weight ˛i of
the most violating sample i.e., of the worst-violator,  is only updated
in each iteration. A worst violating sample is defined as the sam-
ple that has the largest error with respect to the current decision
function. Rather than randomly selecting samples to update per
iteration, OLLAWV selects (without replacement) the most incor-
rectly classified sample and updates the model accordingly. By
iteratively updating the model using only the worst-violator, the
model is essentially finding its support vectors, as well as implicitly
defining a stopping criterion. If there are no more violating samples,
the algorithm terminates, eliminating the need to define the num-
ber of iterations for an algorithm to perform before returning the
model, as is the case with most state-of-the-art online algorithms.

At every iteration, the algorithm selects a worst violating sample
that has not been previously chosen, stores its index in vector S, and
then updates the model. Eq. (4) shows the method for selecting the
worst-violator, where yo ∈ R  is the error value, wv ∈

{
1, . . .,  n

}
is

the error value’s index, o ∈ R
n is the decision function output, and

¬ is the ‘not’ symbol. For the L1-SVM, an error value will always be
negative which is why  the minimum function is used (i.e. the most
negative output value or incorrectly classified sample). The worst

violating sample becomes the model’s support vector because its
weight is updated and non-zero. Therefore, the number of itera-
tions of OLLAWV is equal to the number of support vectors that the
resulting model has. This is an interesting property of OLLAWV; if
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he number of iterations is set beforehand, one is implicitly setting
 bound on the number of support vectors.

yo, wv] = min {ywv · owv} ,  ∀wv ∈
{

¬S
}

(4)

Algorithm 1 lists OLLAWV’s pseudocode and Fig. 2 illustrates
he steps taken by OLLAWV. First, the model parameters (˛, b, S)
nd the algorithm variables (o, iteration counter (t), initial worst-
iolator index wv and it’s error yo)  are first initialized. The worst-
iolator with respect to the current hyperplane is then found and
he model parameters are updated. Once no more violating samples
re found or the maximum number of iterations is reached, the
odel is returned.

OLLAWV performs stochastic gradient descent on the primal L1-
VM objective function given below:

inw ∈ Ho×RR = 1
2

||w||2 + C

n∑
i=1

max
{

0, 1 − yio(w)(xi)
}
, (5)

where o(w)(xi) = 〈w, xi〉 is a linear predictor, with the bias term
xcluded for simplicity. Note that the loss function used in Eq. (5) is
on-differentiable, but it has a subgradient due to a knick-point at
o = 1. The loss function’s gradient after the knick-point equals zero,
hich leads to a sparse model. Hence, when the value of yo ≥ 1 the

oss is zero, and for yo < 1 the loss increases linearly. The subgradient
f the above cost function is given by:

∂R
∂w

=

⎧⎪⎨
⎪⎩
w − C

n∑
i=1

yixi yioi < 1

w otherwise.

(6)

In the stochastic case, the calculation of the gradient needed
or the weight update, is pattern based, not epoch based as in batch
radient descent. It has been shown [18] that the ideal gradient
s equal to the sum of the gradients calculated after each sam-
le is presented for fixed weights during the whole epoch. Thus,
he stochastic update of w from the subgradient shown in Eq. (6)
ecomes:

w ←− w − �
∂R
∂w

w ←− w + �

{
Cyixi − w yioi < 1
−w  otherwise,

where � > 0 ∈ R  is the learning rate. According to the Repre-
enter Theorem, a vector  ̨ ∈ R

n exists such that w =
∑n

i=1˛i�(xi)
s an optimal solution to Eq. (5), where �(·) is a mapping from fea-
ure space to Hilbert space [19]. On the basis of the Representer
heorem, Eq. (5) can be optimized with respect to  ̨ instead of w.
y expressing w this way and mapping input sample xi to �(xi),
he kernelized SGD update becomes:

n

i=1

˛i�(xi) ←−
n∑
i=1

˛i�(xi) + �

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Cyi�(xi) −
n∑
i=1

˛i�(xi) yioi < 1

−
n∑
i=1

˛i�(xi) otherwise

However, OLLAWV optimizes in a stochastic manner, resulting
n the following update:

∀i : ˛i�(xi) ←− ˛i�(xi) + �

{
(Cyi�(xi) − ˛i�(xi)) yioi < 1

(−˛i�(xi)) otherwise

∀i : ˛i ←− ˛i + �

{
(Cyi − ˛i) yioi < 1
(−˛i) otherwise.
uting 66 (2018) 384–393 387

The case when the worst violating sample is correctly classified
yo ≥ 1 is OLLAWV’s termination condition, i.e. is used as the stop-
ping criterion in the algorithm. Hence the update for  ̨ is reduced
to the following:

∀i : ˛i ←− ˛i + �(Cyi − ˛i) (7)

If the bias term b is included in Eq. (5), it’s stochastic update is
as follows:

∀i : b ←− b + �
Cyi
n

(8)

In this experimental study, � = 2/
√
t is used, where t is the cur-

rent iteration; however, other learning rates such as � = 1/t  can
also be used. Let � = �Cyi and P = �˛i be the update parameters for
OLLAWV, and the  ̨ update can be expressed as: ˛i ←− ˛i + (�− P).
Note that � is the update resulting from the loss function and
P is derived from the regularizer term in Eq. (5). In the case of
OLLAWV, P = 0 because samples are never updated more than once
and their initial  ̨ value is always 0. It is important to note that
in OLLAWV’s case, � never equals 0 because the samples being
updated are worst-violators, meaning they are misclassified or
incur some loss. The values of the decision function (output vec-
tor o ∈ R

n in Algorithm 1), from which a worst-violator is found,
changes per iteration based on the influence of the support-vectors
that have been previously updated. From Eq. (3), the output vector
update becomes the following:

o ←− o + � ∗ K (x¬S, xwv, �) + B (9)

where K( · ) is the Gaussian radial basis function (RBF) kernel,
� ∈ R  is it’s parameter, and B = (�* ˇ)/n denotes the bias update.
Only non-support vector output values are calculated per iteration,
as denoted by x¬S in the kernel function, because samples are never
selected to be updated more than once. Because the output values
scale with the C value, the stopping criteria for OLLAWV is also set
to scale with C, rather than the classic formulation yioi ≥ 1. If the
value of C is very large, yioi will never be greater than 1 and the
algorithm will never terminate. Therefore, the stopping criteria is
set to be yioi ≥ M,  where M ∈ R  is a scaled value of C. For the B
calculation in Eq. (9),  ̌ ∈

{
0, 1

}
indicates whether the bias term

is to be used. If b is not a part of the model, it should be omitted
from Eqs. (3) and (9) by setting  ̌ = 0, otherwise  ̌ = 1.

OLLAWV is a stochastic gradient method (SGM) that has a con-
vex cost function. Its learning rate coefficient can decrease linearly
or semi-linearly during the learning stage. Hence, OLLAWV shares
the complexity characteristics of SGM methods. Primarily, it can
achieve linear convergence, making it a particularly convenient and
practical method for solving very large machine learning problems.
OLLAWV also works over a cost function without local minima,
always leading towards the global minimum, even though it stops
the learning process as soon as all samples are outside the pre-
scribed margin. Fig. 1 shows the decision boundaries achieved by
OLLAWV versus SMO  (implemented within LIBSVM) and Bayes for
toy datasets.
Algorithm 1. OnLine Learning Algorithm using Worst-Violators
(OLLAWV)
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Fig. 1. A case of classifying 2-dimensional normally distributed data with different covariance matrices (left) for 200 and (right) 2000 data points. The theoretical separation
boundary (denoted as the Bayes Separation Boundary) is quadratic and is shown as the dashed black curve. The other two separation boundaries shown are the ones obtained
by  OLLAWV and SMO (implemented within LIBSVM), respectively. In this particular case (left), the difference between the OLLAWV boundary and the SMO  boundary is hardly
visible. The case presented on the right shows that, with an increase of training samples, the OLLAWV and SMO boundaries converge to the theoretical Bayesian solution.
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In [7], it was  shown that MNSVM outperforms both the L1 and
ig. 2. A summary of the steps performed by OLLAWV. The model parameters (˛, 

ith  respect to the current hyperplane is then found and the model parameters are

nput:  D, C, � , ˇ, M
utput:˛, b, S
:  ̨ ←− 0, b ←− 0, S ←− 0 � Initialize OLLAWV model

parameters
:  o ←− 0, t ←− 0 � Initialize the output vector

and iteration counter
: wv ←− 0,

yo ←− ywv * owv

� Initialize hinge loss error and
worst-violator index

:  While yo < M do
:  t ←− t + 1
: � ←− 2/

√
t � Learning rate

:
:  � ←− � * C * ywv � Calculate hinge loss update

:  B ←−
(
� ∗ ˇ

)
/n � Calculate bias update

0:  o ←− o + � ∗
K (x¬S , xwv, �) + B

� Update output vector

1: ˛wv ←− ˛wv + � � Update worst-violator’s
alpha value

2: b ←− b + B � Update bias term
3:
4: St ←− wv � Save index of worst-violator
5: [yo, wv] ←−

minwv ∈{¬S} {ywv · owv}
� Find the worst-violator

6: end while

. Experimental environment, results, and analysis

This section presents two experimental setups of our contri-
ution against other state-of-the-art algorithms on 23 different

enchmark datasets. The first study, presented in Section 4.1, com-
ares OLLAWV to two other SVM kernel methods, and the second
ompares OLLAWV to 5 non-SVM methods, shown in Section 4.2.
n each section, the experimental setups are first described and
nd the algorithm variables (o, t, wv, and yo)  are first initialized. The worst-violator
updated. Once no more violating samples are found, the model is returned.

the state-of-the-art methods are listed. The results and statistical
analysis [39] are then presented and analyzed. The main aim of
the experiments is to compare our contribution to other support
vector machine solvers that have been shown to surpass popular
and widely used SVM kernel methods in terms of memory con-
sumption, runtime, and accuracy. The supplemental experimental
study in 4.2 was conducted to emphasizes the better performance
of OLLAWV against non-SVM algorithms.

Table 2 presents a summary of the 23 datasets used throughout
the experiments, where the number of attributes (dimensionality),
classes, and samples are shown. The datasets used and the results
obtained are divided into three groups: small, medium and large. The
datasets were obtained from the UCI Machine Learning repository1

[40], and the LibCVM2 [29] and LIBSVM3 [26] sites.

4.1. SVM experimental setup

The experimental setup was designed to evaluate differences
in performance of the proposed OLLAWV method against the
state-of-the-art algorithms: Minimal Norm SVM (MNSVM) [7] and
Non-Negative Iterative Single Data Algorithm (NNISDA) [9]. These
algorithms were chosen because they have shown considerable
1 http://archive.ics.uci.edu/ml/index.php.
2 http://c2inet.sce.ntu.edu.sg/ivor/cvm.html.
3 https://www.csie.ntu.edu.tw/∼cjlin/libsvmtools/datasets/.
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Table  2
Datasets.

Dataset # Samples # Attributes # Classes

Small datasets
iris 150 4 3
teach 151 5 3
wine 178 13 3
cancer 198 32 2
sonar 208 60 2
glass 214 9 6
vote  232 16 2
heart 270 13 2
dermatology 366 33 6
prokaryotic 997 20 3
eukaryotic 2,427 20 2

Medium datasets
optdigits 5,620 64 10
satimage 6,435 36 6
usps 9,298 256 10
pendigits 10,992 16 10
reuters 11,069 8,315 2
letter 20,000 16 26

Large datasets
adult 48,842 123 2
w3a  49,749 300 2
shuttle 58,000 7 7
web  (w8a) 64,700 300 2
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Fig. 3. Bonferroni–Dunn test for accuracy.

Fig. 4. Bonferroni–Dunn test for runtime.
ijcnn1 141,691 22 2
intrusion 5,209,460 127 2

2 implementations of LIBSVM, and BVM embedded in LibCVM.
NISDA was then compared to MNSVM in [9], and showed an added

mprovement in runtime performance. MNSVM was implemented
n an open source C++ framework called “GSVM Command Line Tool
or Geometric SVM Training4”. Both, NNISDA and OLLAWV were
mplemented as additional modules within Strack–Kecman’s code,
eeping the experimental environment controlled for all three
lgorithms. The experiments for all methods were run on the same
omputer containing two Intel Xeon X5680 CPUs (6-core, 3.33 GHz)
nd 96 GB of RAM.

Experiments were performed using double, or nested, 5-fold
ross-validation in order to objectively evaluate the models’ per-
ormances and tune hyper-parameters [42,43]. In the outer loop,
he data are separated into 5 equally sized folds and each part is
eld out in turn as the test set, and the remaining four parts are
sed as the training set. In the inner loop, 5-fold cross-validation

s also used over the training set assigned by the outer loop, where
he best hyper-parameters are chosen. The best model obtained
y the inner loop is then applied on the outer loop’s test set. This
rocedure ensures the model’s performance is not optimistically
iased as when using a single loop of k-fold cross-validation. It
nsures the class labels of the test data will not be seen when tuning
he hyper-parameters, which is consistent with real-world appli-
ations. Obviously, such a rigorous procedure is computationally
xpensive, but the goal is to fairly compare different classification
odels on the same data sets, with the same cross-validation pro-

edure, and hyper-parameters. First, the datasets were normalized
y linear transformation of the feature values to the range [0, 1].
hen, the training process, also involving model selection using
attern search, was performed. The best hyper-parameters were
hosen from the following 8 × 8 possible combinations, shown in
qs. (10a) and (10b), and were also used for the competing SVM

ethods.

 ∈
{

4n
}
, n =

{
−2, . . .,  5

}
(10a)

4 Strack–Kecman, https://github.com/strackr/gsvm.
Fig. 5. Bonferroni–Dunn test for % support vectors.

� ∈
{

4n
}
, n =

{
−5, . . .,  2

}
(10b)

The � parameter refers to that of the Gaussian RBF kernel, given
by:

K(xi, xj) = e−� ||xi−xj ||2 . (11)

To deal with multi-class classification problems, the one-vs-one,
or pairwise, approach was  used. The pairwise training procedure
trains c(c − 1)/2 binary classifiers, a classifier for each possible pair
of classes, where c is the number of classes. During the prediction
phase, a voting scheme is used where all c(c − 1)/2 models pre-
dict an unseen data sample and the class that received the highest
number of votes is considered to be the samples true class.

4.1.1. Comparison results and analysis
The classification performance was measured using the fol-

lowing metrics: accuracy, runtime, and the percentage of support
vectors (size of the model). Table 3 displays the results for OLLAWV
and the two  state-of-the-art methods. The percentage of support
vectors was reported for analyzing the complexities of the result-
ing models over the variously sized datasets. In order to analyze
the performances of the multiple models, non-parametric statis-
tical tests are used to validate the experimental results obtained
[39]. The Iman–Davenport non-parametric test is run to investi-
gate whether significant differences exist among the performance
of the algorithms by ranking them over the datasets used, using
the Friedman test. The algorithm ranks for each metric are pre-
sented in the last row of Table 3, and the lowest (best) rank value
is typeset in bold. After the Iman–Davenport test indicates signifi-
cant differences (with p-value = 0.2397 for accuracy, and p-value =
0 for runtime and percent support vectors), the Bonferroni–Dunn
post-hoc test is then used to find where they occur between algo-
rithms by assuming the classifiers’ performances are different by at
least some critical value (critical distance is 0.66 for  ̨ = 0.05). Below
Table 3, Figs. 3–5 highlight the critical distance (in gray) from the
best ranking algorithm to the rest. The algorithms to the right of the
critical distance bar perform statistically significantly worse than
the control algorithm, OLLAWV.

The results in Table 3 indicate that OLLAWV outperforms
NNISDA and MNSVM in terms of accuracy, runtime, and model
complexity. Although the differences in accuracy between the

methods is not very large, on average, OLLAWV is about 2
times faster than NNISDA and MNSVM. As mentioned previously,
OLLAWV aims to speed up the learning process without sacrificing
the model’s accuracy. This stems from OLLAWV’s ability to produce

https://github.com/strackr/gsvm
https://github.com/strackr/gsvm
https://github.com/strackr/gsvm
https://github.com/strackr/gsvm
https://github.com/strackr/gsvm
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Table 3
Comparison of OLLAWV vs. NNISDA and MNSVM.

Dataset Accuracy (%) Runtime (s) Support vectors (%)

OLLAWV NNISDA MNSVM OLLAWV NNISDA MNSVM OLLAWV NNISDA MNSVM

Small datasets
iris 97.33 94.00 96.67 0.05 0.27 3.57 13.50 40.20 29.80
teach  52.32 52.31 52.95 0.12 0.44 8.85 69.19 99.80 87.40
wine  98.87 96.60 96.60 0.28 0.43 4.84 15.02 44.40 48.60
cancer 80.36 81.86 81.38 0.49 0.85 4.46 42.79 83.80 89.60
sonar  92.32 89.48 87.57 0.59 0.98 3.03 31.26 73.00 66.00
glass  72.41 67.81 69.30 0.46 1.01 11.94 62.84 90.80 87.60
vote  96.54 96.11 93.99 0.26 0.46 1.49 13.36 33.20 34.00
heart  82.22 83.33 83.33 0.50 0.91 6.45 37.69 73.00 82.00
dermatology 97.82 98.36 98.36 1.62 2.47 11.68 36.94 59.00 59.80
prokaryotic 88.96 88.86 88.97 6.09 10.64 50.86 29.01 51.20 49.00
eukaryotic 77.38 79.56 81.21 61.95 49.16 342.76 54.11 76.40 72.60

Medium datasets
optdigits 99.11 99.29 99.31 411 528 787 28.64 31.60 30.60
satimage 91.66 92.39 92.35 1334 687 1094 20.72 45.00 44.80
usps  97.49 98.05 98.24 10,214 5245 7777 11.22 29.40 28.00
pendigits 99.56 99.62 99.61 723 909 1500 10.27 17.60 16.60
reuters 98.03 98.08 97.99 954 1368 1657 8.770 18.20 18.60
letter  96.99 99.11 99.13 5259 12,009 26,551 43.56 57.60 56.60

Large  datasets
adult 84.75 85.07 85.13 21,025 72,552 123,067 34.66 56.00 56.60
w3a  98.86 98.82 98.82 6532 15,951 24,562 3.270 14.60 12.40
shuttle 99.77 99.83 99.87 2833 7420 45,062 2.010 6.00 16.40
web  98.94 99.00 99.00 12,067 30,583 38,040 4.320 13.20 10.80
ijcnn1 98.31 99.34 99.41 162,587 296,917 370,144 16.36 11.00 7.600
intrusion 99.77 99.67 99.66 2,402,804 4,646,810 3,772,113 0.780 2.000 1.700
Average 91.29 91.15 91.25 114,209 221,350 191,861 25.66 44.65 43.79
Ranks  1.739 2.022 2.239 1.217 1.913 2.869 1.087 2.609 2.304

The best results are bolded.

Fig. 6. Runtime in seconds versus the number of samples, divided into two groups: small & medium (left) versus large (right). Note OLLAWV’s gradual increase in runtime as
t e. In a
d  of th
v

s
v
m
p
t
a

r
s
a

he  number of samples increases compared to NNISDA and MNSVM’s steeper chang
epends upon many characteristics: dimensionality, class-overlapping, complexity
ectors, which partly explains the tiny bump in the left figure.

parse models, as is shown by the averaged percentage of support
ectors. The speedup that OLLAWV presents is proportional to the
odel complexity and the experimental results show that OLLAWV

roduces, on average, models that are 1.7 times smaller than the
wo state-of-the-art methods used. This highlights the applicability
nd advantage that OLLAWV has for learning from large datasets.
Figs. 3–5 show the results of the statistical analysis for accu-
acy, runtime, and percentage of support vectors. Figs. 4 and 5
how that OLLAWV is statistically significantly better than MNSVM
nd NNISDA for runtime and percentage of support vectors (model
lmost all cases, OLLAWV displays superior runtime over state-of-the-art. Runtime
e separation boundary, number of classes as well as upon the number of support

size). At the same time, Fig. 3 emphasizes what was mentioned
earlier: OLLAWV is shown to speed up the learning process with-
out sacrificing model accuracy against the state-of-the-art methods
used.

Fig. 6 plots the correlation of OLLAWV, NNISDA, and MNSVM’s
runtime versus number of samples for the small, medium, and

large datasets. The figure clearly emphasizes the benefit of using
OLLAWV for large-scale learning due to it’s gradual increase in run-
time as the number of samples increases in comparison to NNISDA
and MNSVM. Fig. 7 shows the correlation between OLLAWV,
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Fig. 7. Size of the model given as percentage of support vectors with respect to the number of samples versus the number of samples. Note that OLLAWVs percentage of
support vectors is always smaller (except in one case) than NNISDA’s and MNSVM’s ones.

Table 4
Non-SVM algorithm hyper-parameters.

Algorithm Parameters

k-NN Number of neighbors: k ∈
{

1, 3, 5, 7
}

J48 Pruning:
{

True, False
}

, Pruning confidence:
{

0.1, 0.25, 0.5
}

JRip Pruning:
{

True, False
}
{ }
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Fig. 8. Bonferroni–Dunn test for accuracy.
Naive Bayes Use kernel estimation: True, False

Logistic Log-likelihood:
{

1e−7, 1e−8, 1e−9
}

NISDA, and MNSVM’s percentage of support vectors and the
umber of samples for all datasets. It highlights OLLAWV’s model
parseness in comparison to the competing methods, while mir-
oring the runtime results.

.2. Non-SVM experimental study

The supplemental experimental setup was designed to compare
he performance of the proposed OLLAWV against the following 5
opular and widely-used non-SVM algorithms: k-Nearest Neighbors
KNN),  J48, JRip, Naïve Bayes, and Logistic. These methods have been
mplemented within the Weka framework [41]. The experiments

ere performed under the same nested 5-fold cross-validation
ramework as the SVM algorithm experimental study which was
escribed in Section 4.1. The following hyper-parameters shown in
able 4 were used for the non-SVM algorithms.

.2.1. Results and statistical analysis
Table 5 displays the accuracy results for OLLAWV and five state-

f-the-art methods. The table also shows the standard deviation
or accuracy per outer fold, the average values accross all datasets,
nd the algorithm ranks. As the results indicate, OLLAWV outper-
orms all other state-of-the-art methods. Fig. 9 displays the average
ccuracy results for OLLAWV and the non-SVM methods across all

atasets and highlights OLLAWV’s better performance. The Fried-
an test indicates that OLLAWV performs significantly better than

he competing methods for  ̨ = 0.05 and is ranked first. Fig. 8 shows
he critical distance bar (which is 1.391), and indicates that all other
Fig. 9. Mean accuracy over all datasets for OLLAWV and the 5 non-SVM state-of-
the-art methods.

algorithms perform statistically significantly worse than OLLAWV,
except for KNN.

5. Conclusion

This paper proposed a novel online learning procedure and algo-

rithm for solving the L1-SVM problem, which is a unique method
in terms of both iterating over samples and updating the model.
A new stopping criterion for the stochastic gradient procedure is
also proposed. The model is updated by changing the weight ˛i of
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Table 5
Accuracy comparison for non-SVM methods versus OLLAWV.

Dataset OLLAWV KNN J48 JRip Naïve Bayes Logistic

iris 97.33 ± 1.49 96.00 ± 3.65 94.00 ± 2.79 90.67 ± 4.35 96.00 ± 2.79 97.33 ± 2.79
teach  52.32 ± 3.46 59.64 ± 2.89 49.72 ± 7.58 56.75 ± 9.60 53.75 ± 6.46 51.77 ± 6.68
wine  98.87 ± 1.54 97.73 ± 3.72 90.43 ± 5.83 93.24 ± 3.27 96.60 ± 3.14 96.05 ± 2.58
cancer 80.36 ± 5.80 77.32 ± 6.93 73.81 ± 8.57 73.78 ± 5.81 67.73 ± 5.07 77.32 ± 7.78
sonar  92.32 ± 3.11 88.99 ± 4.59 76.16 ± 10.6 75.18 ± 6.77 73.69 ± 7.65 75.18 ± 7.31
glass  72.41 ± 2.28 67.73 ± 5.91 65.06 ± 5.51 65.59 ± 9.66 49.46 ± 5.19 62.04 ± 5.75
vote  96.54 ± 1.87 92.26 ± 3.19 95.70 ± 2.12 96.54 ± 2.45 92.24 ± 3.24 93.54 ± 2.59
heart2 82.22 ± 2.93 79.63 ± 5.71 78.52 ± 2.81 80.74 ± 4.06 84.44 ± 4.46 83.33 ± 3.93
dermatology 97.82 ± 0.05 96.18 ± 1.78 94.52 ± 2.21 91.27 ± 5.08 97.28 ± 1.64 96.98 ± 2.28
pro  88.96 ± 2.14 87.96 ± 3.01 78.54 ± 1.62 79.13 ± 2.78 62.38 ± 3.54 87.57 ± 2.56
euk  77.38 ± 1.96 81.42 ± 2.06 65.27 ± 2.92 66.42 ± 3.47 39.27 ± 3.43 69.55 ± 1.34
optdigits 99.11 ± 0.38 98.74 ± 0.39 90.87 ± 1.09 91.28 ± 0.40 92.42 ± 0.75 95.05 ± 0.91
satimage 91.66 ± 0.80 90.38 ± 0.72 85.64 ± 1.21 85.33 ± 0.77 85.41 ± 0.92 88.14 ± 1.11
usps  97.49 ± 0.22 97.04 ± 0.47 88.73 ± 0.46 89.20 ± 1.00 79.45 ± 0.59 91.88 ± 0.65
pendigits 99.56 ± 0.12 99.33 ± 0.17 96.24 ± 0.31 96.34 ± 0.41 88.34 ± 0.65 95.59 ± 0.18
reuters 98.03 ± 0.22 97.15 ± 0.43 96.90 ± 0.32 97.18 ± 0.44 93.52 ± 0.02 69.54 ± 0.28
letter  96.99 ± 0.21 95.71 ± 0.19 87.34 ± 0.68 87.02 ± 0.66 74.12 ± 0.97 77.45 ± 0.16
adult  84.75 ± 0.26 83.85 ± 0.28 84.38 ± 0.28 83.73 ± 0.17 80.57 ± 0.09 82.46 ± 0.14
w3a  98.86 ± 0.04 98.60 ± 0.06 98.71 ± 0.05 98.41 ± 0.10 96.71 ± 0.20 98.61 ± 0.12
shuttle 99.77 ± 0.03 99.93 ± 0.03 99.97 ± 0.02 99.96 ± 0.02 98.57 ± 0.24 96.83 ± 0.12
web  98.94 ± 0.05 98.89 ± 0.06 98.79 ± 0.09 98.50 ± 0.13 96.71 ± 0.21 98.70 ± 0.08
ijcnn1 98.31 ± 0.07 98.48 ± 0.04 98.40 ± 0.09 98.11 ± 0.10 90.69 ± 0.26 92.29 ± 0.16
intrusion 99.77 ± 0.02 88.20 ± 1.06 58.01 ± 26.6 87.66 ± 3.79 49.75 ± 30.7 65.15 ± 15.7
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Average 91.29 ± 1.26 90.05 ± 2.06 84.6
Ranks 1.500 2.500 4.04

he best results are bolded.

 single worst-violator per iteration and stops when all violating
amples i.e., support vectors, are found. Finding the worst-violators
s done without replacement. Such an approach results in a signifi-
ant shortening of training time, as well as in a huge decrease in the
esulting model size. The key features of the proposed algorithm,
LLAWV, stem from it’s implicit ability of finding support vectors
nd it’s self-stopping condition. This design was devised to address
he limitations presented by current SVM solvers.

The first experimental study demonstrates the better perfor-
ance of OLLAWV compared with state-of-the-art SVM solvers

MNSVM and NNISDA) which have been shown to outperform the
opular SMO  implementation in the LIBSVM package. The results

or accuracy, runtime, and percentage of support-vectors, obtained
y the strict nested cross-validation procedure, were compared
nd further validated using statistical analysis with non-parametric
ests. They highlighted the advantages and major speedup achieved
y OLLAWV against the competing MNSVM and NNISDA. The sec-
nd, supplemental experimental study evaluated the performance
f OLLAWV against 5 popular non-SVM methods, showing the bet-
er performance of OLLAWV against all five non-SVM algorithms
k-Nearest Neighbors (KNN), J48, JRip, Naïve Bayes, and Logistic).
he proposal, OLLAWV, performs statistically better in terms of run-
ime and model size across all 23 evaluated benchmark datasets,
ithout compromising accuracy.
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